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Abstract

The derivation of a reduced eXtended MagnetoHydroDynamic (XMHD) model for fusion plasmas is
formulated as a singular limit of a hyperbolic-parabolic system implying a large parameter. It is proven that
the solutions to the barotropic XMHD system converge to those of a well-posed corresponding reduced
model, thereby providing a rigorous justification for its use as a modulation equation for both theoretical
and numerical studies. Our analysis involves many new aspects in comparison with well-known results
[3,17,20,26,29] about incompressible limits, including the XMHD specificities and, due to the presence of
anisotropy, the use of a pseudo-differential symmetrizer whose symbol involves singularities along a line.
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1. Introduction

Plasmas, composed of a rich mixture of charged particles such as heavy protons and light
electrons, have long fascinated the scientific community with their complex phenomena. Their
study can be approached through various descriptions, including kinetic [8] and fluid [11] mod-
els, depending on the context. This work focuses on the two-fluid aspects, specifically within the
framework of extended magnetohydrodynamics [1,7,9,19,22,23], a state-of-the-art fluid plasma
model that incorporates small-scale features driven by Hall and electron inertial effects. Build-
ing on research in fusion plasmas, as in [2,12] but from a different angle, our objective is to
investigate the additional impact of a fixed given external magnetic field.

We begin by considering eXtended MagnetoHydroDynamics (XMHD) in the presence of
a strong magnetic field. The primary objective is to derive reduced models that can be effec-
tively employed for both theoretical and numerical investigations. In doing so, we build upon
and expand the existing approaches outlined in [10,13,14]. Furthermore, this study provides an
opportunity to revisit and contribute to the ongoing research on singular limits of partial differ-
ential equations (PDEs) with large operators, a topic that has been explored in various works
on incompressible limits (see [3,16,17,20,26,28,29] and references therein). By examining the
singular limits of XMHD, we aim to provide new insights and advances in this area of research.

The initial value problem for XMHD has been recently solved in the article [4], leading to
local well-posedness for smooth H*-solutions (with s > 5/2). Let ¢ €]0, 1] with ¢ < 1. In the
presence of a strong magnetic field, the large coefficient 1/e appears in the equations. Then,
the task (see Section 2 for explanation) is to identify the behavior when & goes to zero of the
solutions to the following penalized system

1
azq+(v'Vg)c1+ga(d+8q)Ve-v=07
1 |
81v+(v~Ve)v+;a(q+8q)ng—g(A —A) xe
A* — A2
—(A*—A)><<stA*)+V8(%)=”Vs(wv>, (1.1
HA* — (v—(A* = A)) x (Ve x &) — (A" — A) x (V, x v)

1 . 1
—g(v—(A —A))xez—l-gvgl:O,

completed with the divergence-free condition

1
~ V.. A*=0, (1.2)
&

and with a constitutive relation specifying the link between A and A* through
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™ | =

(' @+eq A" —g ' @+eq)A— Ve x (Ve x A)) =0. (1.3)

At the level of (1.2) and (1.3), the weight £~! may seem superfluous. It is put here in factor to
obtain a convenient hierarchy when performing the WKB analysis. We fix some bulk viscosity
v € R4. The content of (1.1)-(1.2)-(1.3) is analyzed in [4]. For v € R*, it can be viewed as
a hyperbolic-parabolic system [18]. As explained in [4], in the compressible context (1.1), the
presence of v is needed to recover the local well-posedness.

Here, g : R} — R? is a smooth given strictly increasing function, with inverse gl the
value q is issued from a prescribed constant density p € R% through q = g(o); the function
a:R% — RY is deduced from g through (2.6); ¢ € R represents the time variable; (x, y) € R? or
(x,y) e T2 are the horizontal space coordinates; z € R or z € T is the vertical coordinate, while
e, =1(0,0, 1) is the vertical direction, along which the strong magnetic field is set.

We denote by € the spatial domain, which is therefore either R3, R? x T, T? x R or T?3.
The differential operators

Vei="(d.0y,80,),  Agi=Ve Ve=07+02+¢6%02,

stand for anisotropic versions of the gradient and the Laplacian. The unknown is U = U, (the
index ¢ will be dropped when it is not confusing). It is composed of a scalar component g =
ge € R% (likened to a pressure), a three dimensional velocity v = " (vy, Vy,Vz) = Vg € R3, a
(dynamical) magnetic potential A* = A¥ € R3, a corresponding (physical) magnetic potential
A=A, € R3, and a corrector [ =, € R. Retain that

Ue(t, %) = (e, Ve, A, A, ) (1, x) € RE x R x R x R? x R. (1.4)

The scalar function / plays the part of a Lagrange multiplier, while A can be deduced from
the field A* through the relation (1.3). In practice, the unknown is composed of the reduced
set of state variables U™ = U} := (g, v¢, A}). In what follows, the system of equations built
with (1.1)-(1.2)-(1.3), imposed on U, or equivalently U/, is written in the abbreviated form
L(Ug;0)Ug =001 LU];0)UL =0.

At time t = 0, we consider a family (U, é”) ¢ of initial conditions indexed by ¢ € [0, 1]. In other
words, with U™ = Ué", we start with

Ue(0,%) = U (x) = (¢}, v}, AL™, AP 1) (x) - (1.5)
We assume that U'" is smooth enough with respect to both variables ¢ and x, namely that
Umec™(o,11; H* (@ R'),  s>5/2. (1.6)

The expression U i must be adjusted in coherence with both (1.2) and (1.3), and also with the
condition on A./"" which can be extracted by applying the (anisotropic divergence) operator V-
on the last equation of (1.1). In particular, in view of (1.2), we must impose

Ve - A =0, Ve € [0, 1]. (1.7)
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Moreover, for simplicity, we consider only prepared data in the sense of Definition 3. This im-
plies that 9, U, (0, -) stays bounded as ¢ — 0. In other words

sup {1 3Us(0, ") s 5 € €10, 11} < +o0. (1.8)

Then, following the terminology of [28], the nature of the singular limit may be called slow since
rapid time variations are avoided (at least at time ¢ = 0).

The origin of (1.1)-(1.2)-(1.3) is thoroughly discussed in Section 2. The motivation is twofold.
These equations appear when studying in the context of XMHD the propagation of high fre-
quency waves (in accordance with the viewpoint of nonlinear geometric optics), see Subsec-
tion 2.1. They also come from large aspect ratio considerations relevant to fusion devices (such
as tokamaks), see Subsection 2.2. Notably, they have direct implications for practical applications
in the field of conducting fluids, highlighting the significance of the actual theoretical framework.

The mathematical setup is rooted in the pioneering works of Klainermann-Majda [20] and
Kreiss [21]. Subsequently, Métivier [25], Rauch [27], Schochet [29] and numerous other re-
searchers have approached such asymptotic issues from diverse perspectives.

A comprehensive overview of the various contributions can be found in the review article [3]
by Alazard. The study of (1.1) is in that long tradition, while investigating completely new and
intriguing aspects:

e Firstly, the equations listed inside (1.1) take into account the Hall (or ion inertial) effects (as
in [15] and references therein) but they also incorporate electron inertial phenomena, leading
to some unconventional form of the quasilinear part which can be detected by comparing
(1.1) with MHD equations.

e Secondly, the content of the penalization terms, those which inside (1.1) involve the singular
weight 1/e, deviates from the usual structures and does not match directly with a skew-
adjoint property.

e Thirdly, the presence of anisotropy in the spatial variable x complicates matters.

The combination of these three distinct features leads to a multitude of novel mathematical chal-
lenges that we will solve.

Fix any v € Rj. As shown in [4], for all ¢ €]0, 1], there exists a maximal positive time of ex-
istence, denoted by T, = T, (v) € R* , which gives rise on the interval [0, T¢[ to a unique solution
U] = "(ge, Ve, AHeC ([0, T:[; H® (Q)). This preliminary information can be supplemented in
the following way.

Theorem 1 (Uniform lifespan and main asymptotic behavior). Fix any v € R%.. Let U " be as in
(1.6). Assume that the family (U, é") ¢ s prepared in the sense of Definition 3. Then, the lifespan T,
is uniformly bounded below by a positive constant (depending on v but not on ¢ €]0, 1]). More
precisely:

AT eRY; T=TWw)~v, 0<T<T,, Veel0,1]. (1.9)

Let U ="(q0, vo, A}}) be the profile which, restricting T if necessary, is uniquely determined
on [0, T] by solving (as indicated in Proposition 4) the modulation equation which is built with
(3.8)-(3.9)-(3.10)-(3.11) and which is associated with the initial data Ué”. Then, forall s > 5/2,
we can find a constant C(s) € R4 such that
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I e — qo Lo, 11;H: () + I ve — vo lLooqo, 11 H5 () < C(s) €. (1.10)

Moreover, introducing the two magnetic fields B, :== V. x A, and By :="'("V 1, 0) x Ao, we find
that

|| BS — B() “LOO([O,T];HS*I(Q))S Ce. (111)

The presence of the large factor ¢! in the system (1.1) renders numerical simulations compu-
tationally demanding. To address this challenge, the concept of singular limits [3,17,20,26,28,29]
offers a viable solution by approximating complex systems with more robust models that are
independent of . This approach has been extensively explored in the context of MagnetoHydro-
Dynamics (MHD), as seen in [13,14,16,17,20]. More recently, similar efforts have been initiated
in the realm of XMHD, focusing on specific scenarios such as X-point collapse [2] and spe-
cialized configurations [12]. In view of Theorem 1, this goal can be achieved in the general
framework of (1.1).

Although the local smooth existence theory for (1.1) was established in [4], this result alone is
insufficient in the context of (1.1)-(1.2)-(1.3). Indeed, a crucial aspect to address is the potentially
destabilizing impact of large factors, such as 1/e, on the energy estimates. For further insight
into the origin of this issue, we refer the reader to Section 2.4. Note that the asymptotic analysis
underlying Theorem | diverges from conventional approaches in several respects.

Theorem 1 encompasses two key aspects: the uniform lifespan 7 € R* and the stability issue
which is addressed in (1.10)-(1.11). Both of these results directly follow from the construction
of a convenient symmetrizer.

By exhibiting a suitably chosen pseudo-differential symmetrizer, we can establish that the
penalized terms in (1.1) do not induce destabilizing amplifications. Nevertheless, the symmetriz-
er’s symbol exhibits a complex dependence on ¢, precluding a simple power series expansion
and introducing additional subtleties.

Access to B, provides the effective magnetic field, rendering (1.11) physically meaningful. In
contrast, Theorem 1 does not ensure that the difference A} — Aj; becomes small when & goes to
zero. As explained in Paragraph 4.1.1, an amplification factor of 1/e can persist at the level of
A*. Furthermore, we claim that a more precise expansion of U, in powers of ¢ cannot be made
feasible. These are limitations which suggest the presence of fundamental underlying difficulties.

Indeed, the pertinent (pseudo-differential) symmetrizer is not uniformly invertible across the
entire phase space. More precisely, its inverse exhibits a singularity with respect to & along a
set of measure zero (the line £; = 0). This is a consequence of the anisotropic features of the
penalized operator V,. This introduces (in addition to those coming from the XMHD context)
numerous complications, which we will initially address using the simplified model (4.1)-(4.2)
derivated from the original system (1.1)-(1.2)-(1.3).

The paper is organized as follows. Section 2 provides a motivation for studying the system
of equations (1.1)-(1.2)-(1.3) by highlighting the underlying physical and mathematical reasons.
Section 3 presents the construction of certain approximate solutions, valid up to the order 1
(see Definition 2), denoted by Ug + € Uy; it describes the modulation equation on U6 and the
procedure for solving it. Section 4 serves as an introduction to the subject by analyzing a toy
model, providing preliminary tools and insights; it reveals the crucial role of symmetrizers; it
also highlights the fundamental limitations of attempting a complete expansion up to any order
N. The paper culminates in Section 5 with a focus on the exact solution U, and the proof of the
error estimates (1.10) and (1.11).
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2. Motivations, modeling and difficulties

The equations of XMHD that are highlighted by physicists [1,7,9,19,22,23] are based on a
Lagrangian specification of the flow field. The corresponding Eulerian formulation involves state
variables which are the density p € R, the velocity v € R3, the magnetic field B € R? and its
dynamical counterpart B* € R3.

The XMHD equations take the form

hp+(v-V)p+pV-v=0,

Vp(p) ., VxB ,_(|VxBJ?
v+ (V- V)V ——+B" X ——+d; V| ——— | =v V(V.v),
P P 22 2D

V x B V x B
BtB*+Vx(B*x(v—d,- X ))+d§vX<(vxv)x X >:o,
p P

together with the constitutive relation

. 5 V xB
B*=B+4d; V x . 2.2)
0

The map p: R} — RY is a given strictly increasing state function. Let o € R% be a fixed
constant pressure. Since p’ > 0, instead of working with p, we can alternatively deal with the
variable q given by

14
q:=glp), g(p):z/”ps(s)ds, g:R* - R%.
K

The advantage of using q instead of p is to gain some quasilinear symmetry at the level of the
two first equations of (2.1). The coefficient v € R is to introduce some bulk (fluid) viscosity. In
accordance with Gauss’s law for magnetism, the field B must satisfy V-B = 0, so that V-B* = 0.
Let A* be the field determined by the following div-curl problem

d, VxA*=B*  V.A*=0, 2.3)

with zero condition at infinity in the global case and mean zero in the periodic case. From the
field A*, following [4] and knowing that p is bounded and stay away from zero, we can deduce
A by inverting the relation

V x (VxA)
2
A =A+d, ———.

0

2.4)

This allows to define a magnetic potential A associated with B through V x A = B. Observe that,
due to the variations of p, we do not have necessarily V- A =0.

The two dimensionless parameters d, and d; represent respectively the normalized electron
and ion skin depths; they are independent though in practice they are often adjusted in such a
way that 0 <d, < d; <« 1. Briefly:
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— Ford, = d; =0, we find the equations of compressible magneto-hydrodynamics, called ideal
MHD. In this somewhat classical context [24], singular limits have been thoroughly investi-
gated [25-29], see [17] for recent developments;

— For 0 =d, < d;, we are faced with Hall MHD which has been extensively studied over the
past ten years and which is known today as being unstable (even in the presence of a fluid
viscosity), see [15] and references therein;

— For 0 < d, <d; and 0 < v, we meet eXtended MHD which, due to remarkable stabilizing
properties occurring at high frequencies, becomes again well-posed [4].

For these reasons, in what follows, we assume that 0 < d, < d; and 0 < v. By this way, we
incorporate both the Hall effect (related to the term with d; in factor) and the electron inertial
effects (which are driven by the terms with de2 in factor). As explained in [4], the formulation
(2.1) is not suitable. To recover (locally in time) energy estimates, it must be transformed into
the potential formulation. This requires to use A* instead of B* and q instead of p. This also
entails a convenient rescaling procedure (to normalize d, and make appear the role of the ratio
d :=d;/d,) which is detailed in [4].

The rescaled version of (2.1), which is amenable to energy estimates [4], takes the form

oq+ (v-V)g+a(@Q V-v=0,
v+ (v-V)v+a(q) Vq

A2
—(A*—A)x(VxA*)+v<¥>=vv(v.v), 25
FA* — (V—d (A* — A)) x (VX A%) — (A* = A) X (V x V) + VI=0,
where
a@ =g '(@gog (@, a:R}->RY, (2.6)

and where the scalar function 1: R x R? — R stands for a Lagrangian multiplier which serves to
ensure that A* remains divergence free. On the other hand, the field A can be deduced from A*
through

" V x (VxA)
A=A ——. 2.7
P

This means that the effective unknown is made of the reduced set of state variables U™ =
(q, v, A*). To simplify, from now on, we work with the coefficient d = 1. Without limiting the
generality of the following, we can assume that p = 1, so that q = g(1). We introduce the (posi-
tive) coefficient a := a(q).

The system (2.5)-(2.7) is locally well-posed in H® for all s > 5/2. In connection with applica-
tions, of special interest is what happens near a constant magnetic field B eR3. Wlth no loss of
generality, we can always assume that B = e, = (0, O 1). With this in mind, let A" be a magnetic
potential which is adjusted in such a way that V x Af = =¢ where e; is the vertical direction. For
instance, take for A" the (non constant) vector field N (x) =1(0, x, 0). Define q := g(p), and
remark that
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U®:=(@0A"®), Am=A"x, 1=0, (2.8)

is a special solution to (2.5)-(2.7). Observe by the way that U expressed in terms of (p, v, B)
gives rise to the special solution (p, 0, ]_3) of (2.1)-(2.2) with B = B= e;. This is also a particular
solution of Hall MHD (d, = 0) and ideal MHD (d, = d; = 0). Now, assuming that d, and d; are
positive, we look for more general solutions which appear as small perturbations around such
(universal) stationary solutions U (x).

To this end, we seek solutions to (2.5)-(2.7) in the form'
U=(q,v.AN =0 4+eU", U =(q,v, A%).

Along the same lines, we set A = A +¢ A and | = ¢ /. By this way, we recover all the components
of U=U, withU asin(l.4)and 0 <e < 1.

2.1. Nonlinear optics

Conducting fluids are traversed by electromagnetic waves, which can interact with the
medium in various ways. These phenomena can be modeled by adjusting the dimensionless pa-
rameters to account for special regimes, and by incorporating (high frequency) oscillating source
terms or equivalently (high frequency) oscillating initial data into the equations. With this in
mind, we take d, = d; = ¢ (which results in d = 1) and we impose v = &2 v. This last choice
allows the bulk viscosity to accommodate the propagation of oscillating waves with wavelengths
approximately ¢.

At such high frequencies, the differential part of (2.4) is more dominant, and ion and electron
inertial effects become significant. With this understanding, we look for solutions like

I_Jr(i)—l—eUr(t,i,X,z), A=A<§>+8A<t,§,x,z), 1=sl(z,f,z,z),(2.9)
£ E € & E & E &

where (U, A, [)(¢, ) depends on (x, y, z) € T2 x R. For the sake of simplicity, we do not take
into account the presence of slow variables (¢ x, ¢ y, € ). On the other hand, we allow anisotropic
oscillations in the horizontal plane. At the level of (2.3), (2.4) and (2.1), this means to substitute
eV, for V. By this way, we find (1.1), (1.2) and (1.3). Observe that the background solution
involves a magnetic field which is adjusted such that

wxA()) =t em() =L (o

Thus, we look at what happens near a fixed large constant magnetic field. The perturbation is
of small amplitude ¢ < 1 and of high frequency (1 <« 1/¢). It belongs to the so called weakly
nonlinear geometric optics regime. By this way, the discussion falls under the scope of a long
tradition of works about strongly magnetized plasmas (see [8] and references therein), with new
features issued from the anisotropic and inertial effects.

1 we will frequently make transformations of the form W = W + ¢ W with the new variable W represented by the
same letter as W but in a italic font instead of a roman font.



N. Besse and C. Cheverry Journal of Differential Equations 477 (2026) 114556

2.2. Large aspect ratio theory

The straight tokamak model involves a high vertical periodic cylinder of length 2 Ry, whose
section is a small horizontal disk of radius a. The corresponding geometry, coordinate system and
scalings are detailed carefully in the text of Guillard [13], see Subsection 3.2. The inverse of the
aspect ratio, given by ¢ :=a/Ry, can be viewed as a small parameter. Here, we impose v = ¢ v.
Starting from the system of equations (2.3)-(2.4)-(2.5), passing in normalized space variables and
changing the current time 7 into T = a t/(v4¢), with the Alfvén velocity vy = B?//, we recover
(1.1)-(1.2)-(1.3). We will not write out this procedure which is a straightforward repetition of
[13].

2.3. Adjustment of parameters

Subsections 2.1 and 2.2 are aimed at insisting on the anisotropic features induced by the
geometry of devices and/or by the external (strong) magnetic field B. At the same time, the
presence of B induces fast rotations. From this standpoint, the discussion falls within the scope
of rotating frameworks. In our context, both anisotropy and rapid variations in the direction
orthogonal to the magnetic field lines are present, with correlated scalings. This topic has been
extensively studied in monofluid contexts like the Vlasov-Maxwell equations (gyrokinetic theory
[8]) and the MHD equations (see [6,16] and references therein).

The interest of (1.1) is to extend the discussion in a situation where important two-fluid cor-
rections (issued from Hall and electron inertial effects) are incorporated (as a background). This
is done here by resorting to XMHD equations instead as usual to the rough model of MHD
equations. Plamas produced in fusion devices involve many parameters among which:

e The skin depths d, and d; of respectively electrons and ions. As explained in [4,5], the
lengths d, and d; take into account two-fluid effects. They have been normalized to one at
the level of (2.5).

e The Larmor radii r, and r; of respectively electrons and ions. They come from the imple-
mentation of a strong external magnetic field which generates rapid variations (due to the
rotations of particles) occurring at the size of r, (for electrons) and r; (for ions).

Typically, in a tokamak, these parameters are adjusted as indicated below:

Electron Electron Ion Ion
Debye . .
lensth Larmor skin Larmor skin System
engt
& radius depth radius depth size
{ % { { {
AD I'e de T d; 1

Our configuration corresponds to the case r, < d, >~ r; >~ d; so that ¢ =r,/d, < 1. Expressed
in terms of the beta parameters S, which are equivalent to (rg/ ds)z, this means that 8, ~ 2 «
Bi =~ 1. The introduction of the small ratio ¢ is aimed at taking into account both anisotropic
effects and rapid rotations of electrons around the field lines.

2.4. About the construction of a symmetrizer

We conclude this section by insisting on a difficulty which is inherent in the study of
(1.1)-(1.2)-(1.3). The problem comes from a penalization along a non constant solution. To un-
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derstand why, let us consider a quasilinear symmetric system (the hyperbolic-parabolic situation
is similar) of N equations in dimension d (with x € R9), which has the following form

d
SoU) U+ D 8, U=0,  5;(U)="8;(U). (2.10)
j=1

We assume that U(x) is a special stationary solution of (2.10) satisfying

S;(Ux)=8;x)="S;x) e My[R),  Vje({l,---.d}.

Now, in line with (2.9), we can seek solutions U of (2.10) in the form
- /X X
Us(t,x)zU(—) +8U<t, —), O<e<l.
e &

Changing x into x = X/¢, it is easy to check that U is subject to

d d
_ 1 _ v
So(U U)o U+ — E Sio;U E Si(e,t,x,U)o;U
O( +¢ )t +£ P joj +j_l 1(8 X )]

d
1 _ _
—E U-Vy)S;U)o;U=0,
+8j_1( U) j( ) Jj

where the matrices S ; are smooth with respect to (g, t, x, U), and with ¢ in the closed interval
[0, 1]. Since the S 7 and S ; are symmetric, the first line gives rise to uniform L?-energy estimates.
When U is constant, the same applies to the second line, which simply disappears. Then, the
framework is as in [25,27]. But when V, U = 0, the last term is likely to be significant. This is
exactly what occurs in the context of (2.5).

As shown in [4], resorting to the potential formulation (2.5) is essentlally unavoidable. But, in
the presence of a Don zero magnetic field, a non constant potential field A" (x) appears. Typically,
we have V, x A" = 0 so that V, U = 0. Then, the linearization procedure along A" generates a
non zero second line. It is not excluded, far from it, that the symmetrizers of the first line are
inconsistent with a skew-symmetry property of the second line. In fact, as a rule, this is the case.

One of our key contributions is to demonstrate that, in the XMHD framework, such incom-
patibility can be bypassed. In practice, it is not possible to derive energy estimates directly at the
level of (1.1)-(1.2). Instead, we have to find an adequate symmetrizer. The complete construction
is achieved in Section 5. It relies on the introduction of a scalar function ., see (4.12), which
appears naturally when performing in Section 4 the Fourier analysis on a toy model. We find
that ¥, = Y9 + O(e). The role of v is essential in next Section 3 to show the existence of so-
lutions to the modulation equations (3.8). For instance, the reader can observe that the relation
(3.23) which involves v is indispensable for eliminating (the Lagrange multiplier) vi; when
performing energy estimates.

10
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3. Approximate solutions of order one

The first step in the analysis is to propose a candidate U¢ for describing the asymptotic be-

havior of U, when ¢ goes to zero. Let j € N. We denote by ¢l = Cj (£2) the space of j times
continuously differentiable functions on the open set €2, with bounded derivatives. The Banach

space C is equipped with its usual norm. Define C;° :=N {C/ j € N}. Recall that the system
(1.1)-(1. 2) (1.3) is denoted by L(U,; 0)U, = 0.

Definition 2 (Approximate solution). Let N € N and T € R*.. Consider the expansion
Ul=Up+eU +-- +eN Uy, Uj=(qj,vj, A;f, Ajlj) e C;,’O([O, T]1x ). (3.1)

We say that U is an approximate solution of order N on the time interval [0, T] to the system
(1.1)-(1.2)-(1.3) when L(UZ; 9)UZ = RE with a reminder RZ satisfying

VjeN, 3C; eRy, sup || RY || . <C;éeV. (3.2)
J ecl0.1] e 1C/([0,T1xQ) J
Remark that
Vé‘:t(tvlvo)—i_gt(o’o?az)’ VJ_ :=t(8xvay)o

By this way, the two first components of the velocity v are set aside. Define
Lt L._t — _ 1
vl ="(vx, vy), vy =" (vy, —Ux), Vi X =00y —0yvxy =V -v].
3.1. Prepared data
The terms which inside (1.1) involve the weight ¢ ™! are able to generate rapid time variations.
On the contrary, we would like to focus on slow dynamics. To this end, we need to impose
supplementary conditions. As a matter of fact, we can eliminate from (1.1) and (1.2) the singular
terms by imposing
VJ_'U()J_ZO, VJ_'Agl:O, (3.3)

as well as

VLZO = UOJ_ A(ﬁ + Apy -

34

Since g~!(@) = 1, the constitutive relation (1.3) gives Aj—Ag="("VL,0) x (’ (V1,0 x Ao).
From (3.4), it follows in particular that V| - Ag, =0, and then

Ag=(Id— A1) A]. 3.5)

The procedure is as follows. We select two vector fields v and Aj, which are divergence free
and smooth (say in C;°). This implies

11
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Vi X (AT — Ag)=—V1-(A}, —Ao1)=0, Vi xuvy =-Vi- v =0.

With the boundary conditions, this furnishes necessary and sufficient conditions for the existence
of functions lp and g¢ solving (3.4). More precisely, applying the divergence operator V| - to
(3.4), using (3.5) and inverting the Laplacian operator A |, we obtain

lOZAIIVLXUOJ_—I—(Id—AJ_)_lVJ_XAZSJ_, 3.6)
go=—a"'(Id—A)"' V| x A, . (3.7)

Definition 3 (Prepared initial data). We say that (g'", v", A")(0,.) is prepared when its
components are subject to (3.3) and (3.7). By extension, we say that U inQ, ) or the Sfamily
(U (e, x))¢ are prepared when (¢, v'™, A"*)(0, -) is prepared, whereas A (0, -) and 1" (0, -)
are determined from (g™, v'", A"*)(0, -) by (3.5) and (3.6).

By this way, we are sure that 9, U, (0, -) computed from spatial derivatives through (1.1) with
U¢(0,-) = U}" is uniformly bounded with respect to ¢ €]0, 1]. Thus, prepared data are good
candidates for solving (1.1) without implementing rapid time variations.

3.2. The modulation equations

Consider a profile Uy that is adjusted as indicated in Subsection 3.1. Observe that degrees of
freedom remain available concerning Uy since the content of (V| X vgl, vz, VI X Az; T ASZ)
has not yet been specified. On the contrary, knowing that V - Aj, = 0, the expressions go, Ao
and /p may be deduced from V| x vp; and V| x AgL through the relations (3.5), (3.6) and (3.7).

Now, let us fix any prepared initial condition U'" as in (1.6). Given T € R* small enough, the
purpose is to determine from U" (0, -) an approximate solution of order 1, denoted by Uy + ¢ Uy,
satisfying Uy(0, -) = U™ (0, -). This will be done through evolution equations called modulation
equations, derived in Paragraph 3.2.1. This requires to adjust the content of the corrector Uy
adequately, as indicated in Paragraph 3.2.2. The well-posedness of these equations is proved in
Paragraph 3.2.3 through energy estimates.

3.2.1. Formal calculus
The goal here is to construct an approximate solution of order 1. To this end, we select some
Uy € C2°, and we compute

LUy +eUy;0)(Ug+eUp) =R, =Rj+ O(e).

First and foremost, we must impose RS = 0. The content of the remainder R(“) is built with
contributions issued from (1.1), (1.2) and (1.3). From (1.1), we deduce that

12
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9:q0+ (vo1L - Vi)go+aVy v +a' (@ qo Vi -vorL +ad;vy, =0,
9oL + (vor -V )vor +aVig +a' (@ q1 Vigo
— (VL x A§) (Af — Aot — (A}, — Aor) VLAY,

1
+5 V(145 - Aol?) — (A, — A1) =v V(YL -vo),

d:vo; + (voL - V1)vo; + (A5, — AoL) - VLAY, +2d.90=0, (3-8)
AL — (Vi x Af)) (vor + Aor — A§ )" — (vo; + Aoz — Af) VLAS,

— (VL xvoL) (A§, — Aon)" — (Af, — Aoz) Vi

—vi + (AT — AT+ VL =0,
0 Ay, + (voL + AoL — Ajy) - VLAG, 4+ (Ag, — AoL) - Vv, + 3.l =0.

From (1.2), we get easily that

Vi A%+ 0,45, =0. (3.9)

From (1.3), we obtain that

Af L —AIL+ALAL = VIV - Al =—2 (D7 g0 (AF| — Ap1) + V18 Ap, . (3.10)

From (1.3) together with (3.3) and (3.5) to see that 9,(V - Ag1) =0, we get that

A, — A+ AL AL =—g (D7 g0 (Af, — Aoy). (3.11)

When looking at (3.8), the unknown is U] = (qo, vo, Ag), while /o must be adjusted in terms
of Uy as indicated in (3.6) and A; can be deduced (as will be seen later) from Uy through
(3.9)-(3.10)-(3.11). The components g1, [} and vy; (which occurs two times) must be viewed
as correctors to be adjusted conveniently. More precisely, g; and /1 serve to guarantee (3.3) and
vy is needed to ensure (3.7), see Subsection 3.2.2. We complete these equations by initial data
inherited from (1.5). More precisely, we impose

U5 (0, ) = (qo, vo, A§)(0, ) = (¢, v, A)(0, ). (3.12)

Proposition 4 (Local smooth solvability of the modulation equations). Fix any v € Ry. Let
s > 5/2. Select prepared initial data (g™, v, A"*)(0,-) in H*(R3). There exists a time
T € R% such that the evolution equation (3.8) with initial condition (3.12) and completed with
(3.3)-(3.6)-(3.7)-(3.9)- (3.10)-(3.11) has a unique solution on the interval [0, T, satisfying

US = (qo. vo, A €C/ ([0, T1; H/(RY)),  VjeN, with j <s.
From Uy, we get access to Ag and /o through (3.5) and (3.6). The expression Uy is therefore
identified. When solving (3.8)-(3.9)-(3.10)-(3.11), the content of U] is determined from this Uy
according to a procedure which is detailed in the next paragraph. From there (working with

s = +00), we can recover an approximate solution Uy + ¢ Uy of order 1.

13
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3.2.2. Determination of correctors

We can look at U; as a Lagrange multiplier since it allows to guarantee (3.3). At the same
time, the components of U; take part in the propagation properties and energy estimates. It is
therefore important to specify how they are adjusted in terms of Up. First, we consider A} and
A1. Since the system (3.8) does not involve A}, and Aj;, we can take Aj; = 0 and just define
ATZ through (3.11). Then, we remark that Aj; can be deduced from A7 . Indeed, from (3.10),
we can extract a div-curl problem involving A . More precisely, exploiting (3.4) and (3.9), we
obtain

V1AL =-0;A0;,
VixAL=0d—A)7' Vi x AT +g (D)7 dd— AT VL x (g0 (A, — AoL))-

This allows to determine A as a function of U, derivatives of Ugp and V| x AT | - Retain that
we have (3.9), as well as

Vi (AL — A1) = A3 Ao, = 3:(Ao: — Ag,) - (3.13)

On the other hand, the part V| x (A}, — A1) can be absorbed by modifying g1 and /;. Indeed,
for /1 using the Helmholtz—Hodge decomposition A7, — Aj1 =Vi¢ + Vicb with —A | & =
Vi x (A}, — Aj1), we obtain (A}, — At +vig = Vi(p — V1 (® — 1) and absorption is
obtained by introducting a new /1, says I 1, defined by [ 1 =11 — ®. For g1, absorption is obtained
by introducing a new g1, says ¢, defined by g; = g1 — ®, where ® is the solution of the following
elliptic equation: aA | ® + a'(Q)VL - (PViyqo) = V1 X (ATJ_ — A11). Therefore, ® or V| x
(A’l‘J_ — A1) plays no role. For the sake of simplicity, we impose V| x (A’fj_ — A1) =0.
This can be done by adjusting V. x A7 adequately. From there and because V - vo1 =0, the
divergence of the second equation of (3.8), the one on vg, gives rise to the following elliptic
equation (on q1)

AA1q+2(@) Vigo-Vigi+a @ Algoqi =—tr(Vivgy)?
+ Vi (Vi X AL (A — Ao + (AG, — Aoo) VLAG,) (3.14)

— % AL (145 — Aol?).

Exploiting (3.13) to eliminate the influence of A7, — Ay, the rotational of the fourth equation
inside (3.8), the one on Az; |, gives rise to V - vy . Indeed, we can, in particular, use the first
equation inside (3.8), the one on g, and equation (3.7) to re-express the term 9,V X AZ; | SO
as to obtain an elliptic equation for V - v with a source term depending only on U] and its
spatial x-derivatives. Now, because V1 - Aj, = 0, the divergence of the fourth equation inside
(3.8) reveals a stationary equation which involves —V x v1; + A /; together with expressions
depending on U6. It suffices to choose arbitrarily V| x v =0, and then to fix A /; accordingly.

3.2.3. Proof of Proposition 4

In the perspective of L2-energy estimates, for reasons clearly explained in Section 4, the
system (3.8) is not yet in a suitable form. Instead of working with A%, we need to implement

Ag="CA51 As) :=vo(DD A, Ag="("AoL, Ap.) :=o(D1) Ao, (3.15)

14
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where (D) is the Fourier multiplier corresponding to the (bounded) symbol

1
1§1 -1 1) =0+ €LV (3.16)

VolL= 0y 1) (6L + €L

Observe that (1)~ goes to +00 when |£, | tends to 0. By contrast, given j € {1,2}, the
product &; ¥o(& 1)~! remains bounded near £, = 0. This means that the action of 9 i Yo(D 7!
is well-defined as a bounded operator from H* +1 to HS. From now on, the new unknown is
06 ='(qo, vo, A~(";). From (3.5), we deduce that

Al — Ao =0(D1) A} (3.17)

We apply ¥o(D1) to the two last equations of (3.8). By this way, we obtain a self-contained
system of evolution equations on U/, which is

dqo+ (oL -Vi)go+aVy-vii+a(@ qo Vvl +adv,=0,

3voL + (vor - Vi)vor +aVigi +a(@) g1 Vigo
—Yo(DAGT Yo(D1) ™' Vi x AY| —yo(D1)AY, Yo(D1) ' VLA,

1 -
+5 Vi(Ivo(D1) AG1?) — (A — AL  =v V(YL o),

oz + (Vo1 - V.)vor + Yo(D1) AY - Yo(D1) ' VIAS +23,q0=0,

0, A% — (D) [(vor — vo(D DAL, ) YD) Vi x A3, ]
—Y0(D1) [(vo: — Yo(DLAY,) Yo(DL) ' VLAY ]
—Yo(DL) [Vo(DLAFT Vi x vor ] — Yo(DL) [Yo(DL)AG, Vivo,]
—Yo(D v + Yo(DL)? AT+ Yo(DL)VLl =0,

0 Ay, + oD [(vor — Yo(DDAG,) - Yo(D1) ™' VLA ]
+Yo(D1) [Yo(DL)AG, - Vive: ] +vo(D1)dlo=0.

(3.18)

The existence theory for quasilinear symmetric systems is well established. The crucial point is to
derive L2-energy estimates for the non linear equation and its corresponding linearized versions
(which appear after differentiation). In doing so, minimal regularity assumptions are needed on
the coefficients. This is usually achieved by supposing that Uor is bounded in the large H*-norm
with s > 5/2. In particular, this a priori estimate means that f]g is Lipschitz. This information is
recovered ultimately through the H®-bounds which can be recovered by energy estimates.

In comparison with models issued from ideal MHD, due to the addition of Hall and electron
inertial effects, the systems (3.8) and (3.18) involve specific features. It is therefore important to
clearly explain in this new context how L2-norms of solutions can be controlled.

The focus below is on L2-estimates for the nonlinear equation (3.18). To make progress,
we use however the (shorter and more viewable) notations of (3.8). The corresponding bounds
for the linearized version of (3.18) follow the same guidelines. The other arguments (fixed-
point iteration, ---) are quite standard [24]. They will not be repeated. We multiply (3.18) by
(o, voL, Vo, A’g 1> ASZ), and then we integrate on the spatial domain 2. This furnishes a number
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of contributions which should be aggregated conveniently, as indicated below, to see cancella-
tions.
o Contributions issued from the transport part. This is

d
ar I 0§ ||L2 + 5 /(UOJ_ V1)(gg + vol®) dx

| =

- / AE;J_ : Iﬂo(DL)[(VL x A)) (VoL + Aol — ASJ_)J_] dx
Q

+ / A% Yo(DD)[(wor + Aos — A%,) - V1AL dx.
Q

Since V| -vo1 =0, the first integral disappears. Now, we claim that the second and third integrals
can be replaced (modulo a constant times the square of the L?-norm of A{) by

N / ApL - [(VL x Af)) (oL + AoL — Ag) ] dx

e ) (3.19)
+ /ASZ [(voL + AL — Af,) - VLA, ] dx.
Q

This assertion is justified in the two subparagraphs a) and b) below, where the derivative d; with
j € {1, 2} (but not with j = 3) is implemented.

a) The first step is to substitute d;c for d;¢ modulo controlled error terms. From (3.16), we
have

g )
3 —3 (@) - . 3.20
e=9e+ p<|s¢| TRENTH, 20

For j € {1,2}, the symbol |&, | "' & j is bounded. The singularity induced by (& 1)~ is here
compensated by the multiplication by &;. It is therefore easy to infer that

/a Yo(D1)[bdjc] dx — /a Yo(D1)[b0;¢] dx

Q Q

. oo (15 ! y (3.21)
f‘/’O( Dab p(m |&|+<&>)C !

SIo iz 1YoDu)allp2 1l g-1 <1l Nall2 I1¢ e -
b) The second step is to eliminate the presence of (D ) which is displayed in the integral

/a Yo(D1)[b0;é] dx.

Q
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Observe that repeated integrations by parts give rise to (for scalar functions a, b and c)

/a wo(Dl)[b 8]-5] dx =—/8j[b wo(Dl)a]édxzfabi)]fdx

Q Q Q
+fb c (1 — WO(DL))Bja dx +f8jb c (1 — Iﬂo(DJ_))a dx .
Q Q

In view of (3.16), the operator 1 — o(D_ ) is of order —2. It follows that

/a Yo(D1)[b d;¢] dx —/ab 3;¢dx|SIblyreo lallp2 1€ 02 - (3.22)
Q Q

Now, we can come back to the study of (3.19). Due to (3.3) and because V| - Ag; =0, the
second line of (3.19) just disappears. Let us consider the first line. Given a vector field V| =
!(Vx, Vy), an integration by parts furnishes the identity

/Aa-vf Vi x A} dx
Q
= / Vy (Af, 0y AG, — AG, 0 AG,) dx + / Vi (Af, 0 Ay, — AG, 0,AG) dx
Q Q
—/Agx AS, (0 Vy 409y Vi) dx + /(A3§ 3 Ve + AZ2 8,Vy) dx.
Q Q

Since V1 - A§, =0, applied to the solenoidal vector field V = vo1 + AoL — A, . the first line
gives rise to

1 ~ - 1 - - -
3 /(vy | Aol* + Vi dx|Aol*) dx = -3 / Vi (oL + AoL — Af)) |Agl* dx =0.
Q Q
On the other hand, the H*-bound available on 06 allows to control in the sup norm of one order

(horizontal) derivatives of V = v + AgL — Ajj, by a constant. Concerning vo_, this is due to
the inclusion H* < Lip. Concerning A§, — AoL = Yo(D1)Af, , this comes from

18;(Aor — AF DIl < 118 Yo(DL)AG I < 118 Yo(DL)AG [ ggs—1 <1 TS Ias -

It follows that

’/Agx Aby (0 Vy + 0y Vi) dx — /(A3§ Ve + Al 0,Vy) dx | SN UG s | Ay 117 -
Q Q

e Contributions related to incompressible features. With again (3.3), this is nothing more
than
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/(ﬁ voL - Vigr+ Agy - Yo(D1)Vih) dx
Q

= —/5 Vi -voL g dx — / Yo(DL)VL - Aj, Yo(D1)l dx =0.
Q Q

o Contributions coming from the corrector v . We look here at the influence of

/ (Gqo Ve -vis — A, - Yo(DLwiy) dx = — / (3 (Vi)™ + vo(DD? AL, ) - vl dx.
Q Q

Since V| - A&_ =0, the relation (3.7) gives rise to
_ _ 1 _
(Vg =—(d—A)" (VL(VLx A§)) =d—A) " ALAG, .
On the other hand, the definition (3.16) of /¢ means that
Yo(DL)? Af, =—(Id— A7V ALAY . (3.23)

The sum of the above two expressions is exactly zero.
e Contributions coming from the corrector A7 . The matter here is to consider

- f voL - (ATT — Af) dx + / ApL - Yo(DL(ATL — Afy) dx + / A, Yo(D1) dlo dx .
Q Q Q

Since V| -vg; =0and V| - AS . =0, wecan find a stream function W and some auxiliary scalar
function y such that vo; = V1 Wand A}, = V1 x. With (3.13), it follows that

—/UOL C(AY - At dx+ / AGy - Wo(DL)(ATT = Afy) dx

Q Q
= /(‘I’ - Iﬁo(DL)z)() V- (AT — A1) dx
Q
- / (ALY — Yo(D1 Y Al x) 9 Ao dx.
Q

Since A W =—V, xvop and Aj x =—V x Aj, , exploiting (3.6), we find that

/(AJ_\IJ —Yo(D1)* ALx) d:Ao; dx + / Ab, Yo(D1)dclo dx

Q Q
=/(—VLva—AL(Id—Al)—lexAgL) (Id— A )18, Af, dx
Q
_fAl(Id—AJ_)_IA(’SZ (AT' Vi x dv00 +(Id— ATV x 3.AF,) dx.
Q
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It suffices to perform one integration by parts with respect to z in the last line to see that it does
compensate the preceding line. The right hand side is just zero.
e Contributions involving extra source terms. From (3.7), we have

a'(q) _ -
a/(Q)/QI voL - Vigodx = T/‘]l VoL - \IIO(DJ_)AJ_lvj_VJ_' Aptdx.
Q Q

In view of the second order elliptic equation (3.14), it is clear that g; has the same level of
regularity than Uj. Hence

/ q1voL - Vigodx| SIUG e 1 TG 113, -
Q

On the other hand, applying the preceding arguments a) and b), we can assert that”

—/A& -Yo(D1) (vo; VLAP,) dx (3.24)
Q

can be replaced (modulo a constant times the square of the L?-norm of A’(;) by

_/A(*;L.(UOZ V.AG) dx:/A;Z A% Vv, dx
Q Q

where we have used V| - Ag | = 0. As a consequence, we have

/ A YD) (vor VLAS,) dx| SIUG lwree | Al N2 11 Ay NIz -
Q

We turn now to the contribution®

_ / A5, oD (Ao — AL) V1 AL dx.
Q

Using again a) and b) and the condition V| - A;‘) . =0, this can be replaced (modulo a constant
times the square of the L2-norm of A%) by

2 In the integral expression below, it must be clear that v, plays the part of a coefficient which is bounded in H* with
s >5/2, while A§ | and Afj_ are just supposed to be in L2,
3 This expression is similar to (3.24) with the H*-coefficient vy, replaced by the difference A, — AE‘;Z. However, the

H*-bound on 06 = (¢, v, A*) does not furnish directly a Lipschitz control on Ag, — A{,- Some argument is missing
here. This is why this contribution is handled separately.
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— / Ay ((Ao; — Al VLAY dx = / AS. AYL - Vi(Ao — AL dx.
Q Q
Exploiting (3.17), since HS"Y(R3) < L for s > 5/2, we find that
I VL(Aoz = Af) Iz S Vavo(DLAG, s SIAS, s SITG llas -

As a consequence, we can retain that

/ AjL - ¥0(D1) ((Ao; — AG) VIAS,) dx| SIUG s 1| AS, g2 11 AG lz2 -
Q

In the same vein, using a) to exchange V LA(*;Z with V l’i*z’ and then V] - vp = 0 to perform
the integration by parts, we find that

/(A?;Z - AOZ) Vol - VJ—ASZ dx
Q
* 1 1k 2
< / (A%, — Aoe) vou - Vi AZ, dx| + 1l vou 1z 1| A5, I
Q

n n 2
< / A% V(AL — Ao) - vou dx |+ Il vou Il 1| A%, 12
Q
7 7 2
<10 s 155 12,

And similarly when dealing with

/ AbL oD ((AG, — Aoy) Vivoe) dx| S TG las 10§ 1135
Q

o Contributions related to the quasilinear symmetric terms. We start with the easiest case,
which is

5/6]0 9z vo; dz+5/v0z 9:q0dz=0.
Q Q

Next, we put together

/UOZ (Ap, —AoL) - V1AG, dx + f Aj, oD ((Af — Aor) - Vive,) dx.
Q Q

We can implement a) and b) to reduce the discussion to
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fvoZ (A§, — Aor) - VLA], dx+//igz ((A§, — AoL) - Vivy) dx =0.
Q Q

We have also to consider

/ voL - (A — AoL)t (Vi x A} dx + / AS L Yo(DD((Af — Ao ™ (VL x vo1)) dx.
Q Q

Again, thanks to a) and b), it suffices to look at

/vol.(AF‘)l—AOL)L (VJ_XASJ_)dx—i-/ASJ_-(ASJ_—AOL)J‘ (VI xvg1)dx.
Q Q

But the action of V| X is self-adjoint. This expression can be bounded by

A2
A5 — Aovllwiee 1Ug 72 -

e Contributions implying the divergence of vy . Since V| - vy = 0, they can be ignored.
The same applies indirectly to

1 1
3 [ oo V(45 = ARy dx = =3 [ 1 v0r 145 - A dx =0,

Q Q

Notice that a positive bulk viscosity (v > 0) is not required. The Cauchy problem for the modu-
lation equations is well-posed even if v = 0.

Summary. In conclusion, we have proved that
i Ur 2 <« 0r Ur 2
dt || 0 ”L2~” 0 ||H»r || 0 ”LZ .

By Gronwall’s inequality, the L?-norm of 06 remains under control. This is the key element for
the proof of Proposition 4.

4. Asymptotic analysis on a toy model

As a first step, we propose to consider a (linear) simplified model. This helps to better delin-
eate the basic ingredients of the proof (of Theorem 1) and its underlying difficulties. Instead
of looking directly with (1.1)-(1.2)-(1.3), in this section, we work with its reduced version
(1.2)-(4.1)-(4.2) elucidated below. In Subsection 4.1, we will perform a Fourier analysis which
reveals the importance of using an adequate (matrix-valued) symmetrizer. This symmetrizer takes
the form of a Fourier multiplier whose properties (including a lack of smoothness) are examined
in Subsection 4.2. To avoid the presence of singularities, special conditions are needed. In return,
a complete WKB analysis becomes available for our linear model, as it is detailed in Subsec-
tion 4.3.

From (1.1), we isolate the penalized terms, and we freeze the corresponding coefficients. The
only exception is the term ¢! (A* — A) x e, appearing in the last line, which is temporarily
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omitted from the analysis and which comes from the Hall effect. In fact the coefficient d = d; /d,
should appear in that factor but it is invisible here since it has been normalized (d = 1). Its impact
will be discussed in a later section. Let us just consider

1
g+ —-Ve-v=0,
e
1 1.,
v+ —Veg—— (A" —A) xe, =0, “4.1
e €
. 1 1
AT ——vxe,+ -V I=0.
e €
We keep (1.2), and we simply replace (1.3) by
1 *
—(A*"—A+AA)=0. 4.2)
€

The system (4.1), which is linear, is amenable to a Fourier analysis. This facilitates an investiga-
tion of the behavior of its solutions, given a fixed frequency & € R3.

4.1. The Fourier side

We adopt the convention

U'(t,6)= (4,0, A", &) :=/e—”f U’ (t, x) dx, U =(q,v, A%).
R}

We look at £ = (&1, &, &) € R? as a fixed parameter. We define &, :=(£1, &, € &), and we put
aside &) :="(&1, &). We have to handle the following linear system of ODEs

N n
atq+gé'€~v=0,
PO S BN
8tv+g$sq—g(A —A) xe; =0, 4.3)
PO BN i, -
0A" — -V xe,+-&1=0.
e €
The divergence free condition (1.2) gives rise to the polarization condition
1 Ak
- &-AT=0, 4.4)
€
while the relation (1.3) leads to
1 o~ - 5 A
Z(A —A—15&7A)=0. (4.5
The initial data (1.5) together with (1.7) yield
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Ur0,x) =0 " (x) = @", 0", Ay (x), &A™ =0. (4.6)

In Paragraph 4.1.1, we highlight a challenge that arises when analyzing (4.3), and by extension
(4.1). The system (4.3) is not directly exploitable on its own. However, by incorporating the
relations (4.4) and (4.5), we can eliminate the redundant state variables A and [. This is the
objective of Paragraph 4.1.2.

4.1.1. First hurdle A
When &, = 0, (4.4) disappears; (4.5) furnishes A* = A; on the other hand, (4.3) reduces to

%0 =0, 4.7)

.
A" — - v xe;,=0.
e
Starting from (4.6), the solution is given by
. . n . r .
4(t,0)=g"(0), 0(t,0) = 0"(0), A*(t,0)=A""(0) + - 9/(0). (4.8)
e

Even for prepared data v"(0, -), satisfying & 9:7(0, &) + & ﬁ;” (0, &) =0, it is always possible to
adjust vI?(0) in such a way that ﬁT (0) # 0. It suffices for instance to impose b70,8) =1( éi-, 0)
for |£] < 1. This induces a linear growth of the L%-norm of U" (z,-) with respect to ¢. This
indicates that the system (4.3) - or more generally a derived system implying U’ - cannot be
put in a symmetric form (with purely imaginary eigenvalues) because, in this case, the solutions
would stay bounded.

For &, = 0, we observe from (4.7) that 0 is an eigenvalue of maximal multiplicity 7, which is
accompanied by a non-zero nilpotent term. Consequently, for &, = 0, the control of U’ (e,t,-) in
terms of the initial data U (e, 0, -) leads to a loss of (at least) one negative power of . This insta-
bility points to the necessity of a singular change of state variables to restore uniform estimates.

Prior to that, we have to better describe the locus of points (g, &) € R x R3 satisfying & = 0.
In fact, the vector &, is built from ¢ and & through the smooth map

T:Ry xR} — R3
(e,6) — &.

We have just highlighted the values of ¢ and & which are adjusted such that &, = 0, that is which
belong to

Sing := 7'71({0}) = Sing; U Sing>, Sing;:= Rj_ x {0}, Singy :={0} x Dy,
where D, C R is the vertical line of equation

D, :={eR; & =0}={(0,0,8); & e R}. (4.9)

In practice, we will work with ¢ € Ri. But, due to the presence of the set Sing, at low frequen-
cies |£| ~ ¢, there is a loss of uniform estimates with respect to €. Moreover, this amplification
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may occur near Singp, when & >~ 0 (even if &3 stays away from 0). In what follows, we must
take care of what happens near Sing.

4.1.2. An important step towards simplification

For &, # 0, we denote by P = P, = P(e, £) the orthogonal projector from R3 onto the plane
which is orthogonal to the direction &;. In other words

PA* = — 6|2 & x (6 x A"). (4.10)
The constraint (4.4) is equivalent to
P(s, €) A* = A*. (4.11)
Introduce the scalar function ¢ = . (§) = ¥ (¢, £) which is defined by

gl _ E+E5+E)'”
() (A+E+&+enHl2T

Y =WoTl(e§)=V(), V() = (4.12)

Exploiting (4.5), we can express A in terms of A*. By this way, we can eliminate from (4.3) the
presence of A through the relation

A* — A=y? A" (4.13)

On the other hand, taking into account (4.11) or (4.4), the third equation of (4.3) gives rise to

&

We see here that the polarization condition (4.11) or (4.4) is allowed by the presence of the
Lagrange multiplier /. For &, # 0, we can deduce [ from 9. But, for & = 0, without special
assumptions on v, the right hand side is not well defined. This observation underscores again the
importance of treating the set Sing as a special case.

After elimination of A and [, we recover a system of 6 equations on 6 unknowns which are: ¢
(a scalar), 0 (a vector in R?) and PA* (which for &; # 0 must be orthogonal to &, and therefore
implies only two independent components). Knowing (4.11) and (4.13), there remains to solve

N 1 "
= —Pég'(vxez).

PO N
8t€7+g$e'v20’
. 1 R
o+ L& G~ Y2 (PAY) xe, =0, (4.14)
£ £
A S
04PA™— - P (Vv xe;)=0.
I3
The function ¥ (¢, -) is associated with a scalar Fourier multiplier. Let us introduce
A* =1y (e, D)A*,  FA*=v(e, &) A", (4.15)
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This means to introduce the new unknown

V=V(e,t1,&) :=(q,v,A"). (4.16)
Remark 5 (Comparison with the change (3.15)). For ¢ =p, we find ¥ (0,&) = Yo(£L), and the
operation (4.15) simplifies to (3.15). The introduction of A* extends to the full system what has

been done concerning the modulation equations.

The matrix P (e, -) is associated with a matricial Fourier multiplier. Assuming (4.11), the
definition (4.16) is the same as

A*:=y (s, D) P(e, D) A*,  FA*=vy(s,£) P(s,£) A*. (4.17)
Let us multiply the last line of (4.14) by v in order to obtain
A 1 A
atV—i—g.AgV:O, (4.18)

where A = A, = A(g, &) is the square matrix of size 7 x 7 defined by

0 i’ 0 0 -1 0
A= i& 0 YeJ P |, J=|1 0 0]=-"J. (4.19)
0 e P J 0 0O 0 O
By construction, at time ¢ = 0, we must impose
V(e, 0,x) = (™, 07", FA"™)(e, x), A =y (g, D) AT, (4.20)

Remark 6 (About the polarization conditions). From (4.6), we have A'"* = P,(D) A™™*. On
the other hand, from (4.18), we get that 0; (Id - PE(D))AN* = 0. It follows that the constraint
A* = P.(D) A* is propagated by (4.18). Using (4.15) or (4.17) is the same in the context of our
toy model. Assuming (1.7), when dealing with (4.18), we can forget the polarization conditions.
But retain that the projector P, enters in the definition of A,.

The matrix A, : C7 — C7 is skew-selfadjoint (with AZ ="' A,, we have AZ =—A,). Its
spectrum is purely imaginary. Thus, the equation (4.18) generates a unitary semi-group for the
hermitian norm. In particular, its solutions remain bounded for all times, for all values of &,
including &; = 0. This differs from what has been observed at the level of (4.8). This is because
the multiplication of the last line of (4.14) by ¥, which takes the value O for §; = 0, has the effect
of erasing the singularity at the position &, = 0.

By construction, the expression V := (¢, v, A*) is subject to the Cauchy problem

atv+§Ag(D)V=0, Y, ) = V", 4.21)

The system (4.21) is self-contained. It implies the action of A, (D) which is skew-adjoint. It is
therefore more suitable than (4.1) in the perspective of a complete asymptotic analysis.
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4.2. Implementation of the basic tools

In Paragraphs 4.2.1 and 4.2.2, we investigate the behavior of the functions ¥ and P which are
crucial components in the analysis. In Paragraph 4.2.3, we evaluate the merits and drawbacks of
a formal calculus whether it is led from (4.1) or (4.18).

4.2.1. Properties of

The function v, as defined by (4.12), appears as the composition of W and 7. The map T
is smooth on its domain of definition but the function W is not. Indeed, W is continuous on R3
without being continuously differentable at the origin. It follows that ¥ involves singularities
which are localized along Sing = 7~ ({0}).

To derive from (4.14) asymptotic expansions in powers of €, we fix & € R? and we let ¢ € R
go to 0. The case & = 0 has already been addressed in Paragraph 4.1.1. We can suppose that
& # 0. By this way, we avoid Sing;. Still, we are faced with Sing;. With this in mind, the
positions of £ which are inside D, and outside D, must be distinguished.

e For &) # 0, there exists a Taylor expansion at all order N, namely

N n
(e, &) =0+ % @) 0.6)+ 0@, N=2. (422)
n=2

In particular, we can compute

. ) & (L _
_ =B @20.6) = - :
Yo(§) = vYo(§1) 0 0;9)(0,8) € (|§~l| (gl)Z)

e For &, =0, we directly find that

& |83

N
Treenn = L@ +0ETh. o) =1kl (423
3

n=1

¥(e,0,0,83) =

There is still an expansion in powers of . However, the coefficients ¢; are not smooth near
& =0, as it is the case concerning cj.

There is a significant difference between (4.22) and (4.23). For &; # 0, the coefficient in
factor of ¢ inside (4.22) is just O for all £; # 0, whereas it is equal to |&3] % O at the level of
(4.23). This jump along D, implies that the expansions (4.22) and (4.23) cannot be connected
continuously in &, particularly when &, goes to zero while &3 # 0 is fixed. Following the same
logic (presence of a singularity along D, ), we can observe that the derivatives 8?1//(0, &) with
|| > 2 exhibit explosive behavior (for |£3| # 0) when |£ | goes to 0. As a consequence, they
cannot be continuously extended up to £; = 0.

For ¢ €]0, 1], remark that

0<e(E) Mgl <y(e,8)<1,  VEeR’.
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The function 1 (e, -) is therefore associated with a pseudo-differential symbol which (for all fixed
e € R%) is elliptic of order 0 on R3\ {0}. More precisely, for large frequencies |&;| > 1, we find
that ¥, ~ 1, and it is easy to invert ¥ uniformly with respect to &. However, the symbol v (e, -)
degenerates near £ = 0 since ¥ (¢, 0) = 0. Thus, for low frequencies |&;| < 1, the function (e, -)
moves towards 0. And there is no control on the ellipticity which could be uniform with respect
to ¢. In other words, there is no function vy which could be adjusted in such a way that

0<y1(6) =¥(e8), V(e, €) €10, 11 x (R*\ {0}).

This makes a return (without loss in &) from FA* to A* problematic since we pass from FA to
A* by dividing by ¥ while, for £, =0 and |&3| # 0, the function ¥ (-, 0, 0, £3) ™! is not bounded
(with respect to ¢ €]0, 1]). Similarly, the reconstitution of U from V implements the operator
¥ (g, D)~!. There is consequently a loss by a factor ¢ ~!. The instability detected at the level of
(4.8) is in fact lifted by resorting to .

Remark 7 (The link between B and A*). In the context of our toy model, the magnetic field B,
can be expressed in terms of A* through

Boif x Av= —— St FA*.

(8e) 15l

This means that the uniform L*-control on A* (that will be obtained in the proof) implies a
uniform H'-bound on the magnetic field B.

4.2.2. Properties of P
As long as & # 0 is fixed, the function P(-,£) can be extended by continuity up to ¢ =0
through

— (€172 (6L, 0) x ("('6L,0) x u) if&EL #0,

“(ur,uz,0) if& =0. (4.24)

Pou= Py(§1)u = {

Looking at Py (which is not continuous along & = 0), we recover the dichotomy already ob-
served between the line D, and its complementary set. That being said, for all £ # 0, the function
[0,1]2 e+ P(g, &) is of class C™. Indeed:
e For &) # 0, this can be seen at the level of (4.10), and we have
N .
P(e.§)=) &l Pj() + 0N ™). (4.25)
j=0
In particular, we can compute

Pi(&) = —I€L] 7> & (ec x (‘61,00 +(£L,0) x e2) x . (4.26)

e For &) =0 and & # 0, the map P(e, 0, 0, &3) is simply constant, equal to the second line of
(4.24). In other words
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P(e,0,0,83) = Py(0), Ve eRY . 4.27)

The map P (-, -) is continuous on ]0, 1] x (R3 \ {0}) but it is not on [0, 1] x (R3 \ {0}). Indeed,
for & ="("&,, &) with & # 0 and &3 # 0, we have

lim  P(n~' (7" &L &) = P(1,£) # Po(0,7(0, £3)) .
n——+00
Again, for all £ # 0, the expression P (-, £) can be expanded with respect to ¢ = 0 with a precision
valid at all orders. But the corresponding expansions do not coincide when |£] | goes to O with

& #0.

4.2.3. Two alternative methods to perform the WKB calculus

In the perspective of the asymptotic analysis, we can start from (4.1), (4.3), (4.14) or (4.18).
As pointed out above, these approaches are not all equivalent from the viewpoint of uniform
estimates with respect to the parameter ¢ €]0, 1].

A first strategy would be to argue directly from (4.1). After Fourier transformation, it is the
same thing as working with (4.3) or (4.14). Since (4.3) involves through (4.13) the expression V2,
and therefore W? which is smooth with respect to ¢ for all £, there is no difficulty in extracting
a formal cascade of WKB equations. Besides, this is what has been done (up to the order one)
in Section 3. This process sounds straightforward and adaptable to nonlinear situations. But it is
misleading: it can really provide false information when going up to N > 2 or when performing
energy estimates.

Indeed, it is unrealistic to obtain and justify a complete asymptotic calculus by starting from
a system which is not well-posed uniformly with respect to €. This is precisely the case of (4.3)
in view of (4.8). There is no guarantee that the cascade of WKB equations thus obtained could
be solved and justified for all N. In this regard, the situation N =1 is quite apart from N > 2,
precisely because the singularities of ¥ are not yet engaged. It is important to realize that passing
through (4.1), (4.3) or (4.14) is not suitable even to prove that the modulation equations are
meaningful.

The second strategy is to consider (4.18) or (4.21). This means to seek approximate solutions
]A)g‘ in the form

VA, ) =Vo(t, &)+ e Vi1, &)+ &2 Vot &)+ +&V Dy (t,8), (4.28)

as well as corresponding exact solutions V;. As will be seen in the next subsection, this is com-
patible with uniform H*-energy estimates which are crucial for the construction of families of
solutions (with a uniform lifespan) and for stability. Of course, the comeback from V; to U, is a
bit delicate near the singularity. But this is a minor problem.

4.3. Asymptotic analysis on a symmetrized version of the toy model

We fix £ # 0, and we focus on (4.18). The framework induced by (4.18) is quire classical in
non linear geometric optics [25,27]. However, there are all kinds of subtleties, especially those
related to the presence of D,, see the unusual condition (4.42). For the sake of completeness,
we give in this subsection a few details. In Paragraph 4.3.1, we describe the formal calculus. In
paragraph 4.3.2, we proceed with its justification. In Paragraph 4.3.3, we explain how to come
back to the initial state variable U,.
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4.3.1. The formal calculus

We begin by highlighting a notion of approximate solution which is similar to Definition 2,
while being more adapted to the formulation (4.18). It is especially necessary to take into account
the presence of data constrained by (4.11).

Definition 8. Let us fix some integer N € N and some time T € R*.. We say that the expression

pa (6,1, ) = (§%, 0%, FA*) (e, 1, &) is an approximate solution to (4.18) which is of order N on
the interval [0, T] when there exists a constant C € R such that

~ 1 ~ ~ ~ ~ A ~
8;Vg + g Ae Vg = R? = (Rag’ sta RE*) s [ RZ ||L°°([0,T];L2(R3))§ C&‘N, 4.29)
as well as
| (1d — P;) FA*(£,0, ) | ;2 w3y < C e™. (4.30)

A few remarks are in order. We do not specify the content of ]A)s“ which can be given by an
expansion like Vo+¢&V) +--- ornot. The integer N may be large or small (N =1 is allowed).
The condition (4.30) implies data which must be sufficiently prepared. Indeed, in practice, it
could be difficult to guarantee (4.11) at time ¢t = 0. A margin of error as in (4.30) is welcome.

Since the map [0, 1] 3 & — A, (&) is of class C*°, we get access near ¢ = 0 to a complete
expansion of A, (£) in powers of ¢, that is

Ag=A0+8A1+82A2+--~.

In particular

0 i("€1,0) 0
Ao=A(0,8) = Ao6) = [ i"('£L,0) 0 YoL)J Po(5L)
0 YoEL) Po(51) J 0
On the other hand
0 i&'e, 0
A1 =0:.A0,8)=| i&e; 0 Yo Pi(§) |. (4.31)
0 YoP1(§)J 0

We plug )}g (¢, ) into (4.18), and f}g (0, -) into (4.11). By this way, we obtain asymptotic series
with respect to increasing powers of €. Below, the two cases &) =0 and &) # 0 are dealt with
separately (this is possible because the situation is here linear).

e For £; =0 (and &3 # 0), we see that Ay(0) = 0. There is no penalized term. We put )AJE“ as
in (4.28) inside (4.18) to extract

3 Vo + A1 (0,0,83) Vo =0.
Then, knowing the content of the f)k for k < j — 1, we must impose
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J
Vi + A1(0.0.£3) Vi + Y Ax41(0,0,£3) Vit =0. 4.32)
k=1

Furthermore, in view of (4.27), the condition (4.11) interpreted in terms of (4.30) leads to
]-'A* (0,0,0,83)=0 Vje{0,---,N}. (4.33)

This sequence of equations can easily be solved step by step. Moreover, since the matrix A4 is
skew-adjoint, the norm of ) is conserved

I Vo(2,0,0,&) <] Vo(0,0,0,&) ||,  VreR.

The access to l>j (¢,0,0, &) is via (4.32) which implies products as source terms, for instance
A;1+1(0,0,%3) V. In this way, the growth of the A;(0, 0, &3) with respect to &3 can be trans-

mitted to the f/j (,0,0,&3), and this may compromise L2-controls. To remedy this, the initial

data V (0, 0,0, &3) are usually chosen rapidly decreasing with respect to &3. We can specify a
decreasing rate like |£3| 7% for all k € N. Or, given a desired precision e~V with N fixed, we can
work with a well-adjusted finite decreasing rate like |£3|~% with k large enough. Expressed in
terms of functions depending on x, the easiest set-up is to involve data in H>.

e Let us turn now to the second case & # 0. This time, the formal calculus furnishes a non-
zero term with e ' in factor, which is A Vo = 0. The matrix Ay is skew-adjoint. We denote by
Po the orthogonal projector onto its kernel, and by Qp := Id — Pp. We do not want to trigger
oscillations. With this in mind, we have to prepare Vo in the kernel of Ay, which amounts to
impose Vo =Py Vo The condition .AOVo =0on Vo = (o, Vo, F AO) may be declined in

& -010=0, )
i("61,0)Go + Yo(51) J Po(61) FAG =0,
Yo(€L) Po(61) J 0o =0

Since
Po(61) J Bo =" (161172 (51 - 010)'§1.0),
the first and third equation are equivalent. Since
T Po(61) FAG = |6L17% (61 - FA%) '£1.0),

the second relation is the same as adjusting go in terms of F Aj_o according to

Go=1i(51)7" é}' FA*, (4.34)

It is apparent that the kernel of A is of dimension 5, given by
KerAg={W € C7; &1 -010="0and (Go, FA% ) satisfies (4.34) ).
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In factor of €%, we find

Vo + A1 Vo + Ay V1 =0.

Since Ay is skew-adjoint Py.49 = 0, and then applying Py to the previous equation, we obtain
the ODE

3Po Vo + (Po. Ay Po) Vo =0. (4.35)
We must complete this with what comes from (4.30), that is
FA0, ) = Py(E1) FA(, ), (4.36)
which is the same as
FA0.)="(a'61.8),  (@p)eC.
Since the matrix Py .A; Py is skew-adjoint, the norm of Py f)o is conserved
1P Vo, &) I<I PoVo(0,8) I, VieR. (4.37)
We can also extract
Qo V1 = —(Qo Ay Qo) (Qo A Po) Vo.
We put in place a proof by induction based on
(Hj) “For 0 <k < j, we know l>k and the component Qof/k.ﬂ ”

We have just seen that (Hp) is verified. Now, we fix j > 1, and we suppose that (H;_;) is
satisfied. In factor of ¢/, we obtain

j+1
Wi+ APV + Ay Qo Vi1 + A1 QV; + Z A Vig1-k=0. (4.38)
k=2
We project (4.38) through Py to eliminate ]A/j_H. This yields
at’PO]A}j + (Py A1 Po) f}j +.--=0, (4.39)

113

where the ellipsis ““---” contains many terms but which, according to (H;_1), have all been
identified. Furthermore, to obtain (4.30) up to the order j, it is necessary to adjust F Aj‘ 0, ) in
such a way that

J
(Id — Po) FA%(0,) ==Y P FA%_,, (4.40)
k=1
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where the right hand side is a known expression. By solving the (well-posed) Cauchy problem
associated with (4.39), we have access to the component Py V;. Then, we can obtain QyV; 1
through

QoVjs1 =—(Qo.Ag Qo)™ [9:(Qo Vi) + (Qo A1 Po) ]}j] +

This means that (H}) is verified. By induction, we can determine all the )A/j (upto j = N). There
remains to check that the L2-estimates recorded in (4.29) and (4.30) do apply.

As before, to compensate the growth with respect to £ induced by the .4, we must start with
initial data that are all rapidly decreasing in £, at the rate |&|~ for all k € N. In other words, we
impose

VkeN,  3C]eRy; V;(0,6)| < Cf (141572, (4.41)

This means that the initial data V; (0, -) belong to H k for all k. In addition to this (rather classical)
condition, there is a further difficulty.

Indeed, the matrices A; imply singularities which are localized along D,. The definition
(4.31) of A; indicates that A; depends on P;. On the other hand, in view of (4.26), we have
|P1] < |&1/1€L]. In partlcular the size of P may explode when |&] | goes to 0. This behavior
may be transmitted to \Z (and step by step to all V ) since the equatlon (4.38) for j =1 involves

the product A; Qo Vi, and thereby A1 (Qo.Ao Qo) ! (Qo A1 Po) V. To avoid this, we can adjust
the initial data in such a way that the V;(0, -) are flat along D, (or even better are zero in a
neighborhood of D,). In other words, we strengthen the condition (4.41) according to

Yk K eN?, 30 eRys 0506 SCL B A HIED T 442)
The idea is to cancel the impact of singularities issued from D,,.

Lemma 9. Let us fix some integer N € N and some time T € RY.. For 0 < j < N, we select
initial data f)j (0, -) polarized as indicated in (4.36) and (4.40). We assume moreover that they

satisfy (4.42). Then, there exists an approximate solution Ve 1o (4.18) which is of order N, which
has the form (4.28), and which matches with the initial conditions V;(0, -).

Proof. The construction of the V ; has already been explained. Note that

2N J
(Id— P,) FA*(0,) =&V > "Ny P FAT,

j=N+1 k=1

The multiplication by the matrices Py can result in a loss of the type |£, |*®) for a finite index
t(k). But this is compensated by (4.42). By this way, we can recover (4.30).

Below, we will not explain (because it is fairly standard) what happens at large frequencies
(|€] > 1) from the viewpoint of L2-estimates. Instead, we dwell on what occurs near D,. In view
of (4.37), the bound (4.42) passes to Vy according to

V& eN?,  wviel0,7], Vo018l <CY lelF (1 +IgH T
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The multiplication (two times) of )>0 by A; induces a loss of (at most) 532 /1€ le. This reveals in
the source term of the equation on V1 a bound by

=C 162 (/A +1EP) A +1EPH ™ D2 < g 2 1+ gD~ ¢ D,

Above, we still have (4.42) for j = 0 just by replacing Cgk by C£+2 raa It follows that for all

€ N, we have
Viel0, 7], 3C;, e L(0.TD: Vi, 5L.8) <}, 151l A +1EH) 72

This argument can be iterated because the multiplication a finite number of times by the weight
5;32 /I€1|* does not affect the rates of decrease that have been selected. This leads (for all j < N
and for all k € N) to

viel0.7], 3C er®(0,T); Ve8I < CL 1ef (g,

Since the remainder Rg is built as a sum of .A; multiplied by the V, it is indeed controlled in L>
as expected in (4.29). O

4.3.2. Justification of the formal calculus
To obtain exploitable estimates, the only way is to work with a suitable formulation, that is

with (4.18).

Lemma 10 (Stability). Let ]Aig (t, &) be a given approximate solution to (4.18) which is of order
N and which is defined on the interval [0, T]. Then, the solution V., = (e, Ve, ]-"A:) to (4.18)
associated with the initial data V. (0, -) ='(q%, v¢, F A:“)(O, -) is, for the constant C appearing
in (4.29) and (4.30), controlled by

” i)g - 9: ||L°°([0,T];L2(]R3))S 3C (1 + T) SN. (443)

Proof. We introduce the auxiliary expression f/g =1(g4, 08, PoF AZ‘“). By exploiting (4.29)
and the structure of A, we get

3,(Id — P.)FA® = (Id — Pg)Rﬁ* )
By combining (4.29) and (4.30), this furnishes
1V =V lleoqo,ry 2y =Il 0d = Pe) FAR |l oo, 71123y < C (1 +T) eV, (4.44)

We consider now the difference D, := fig — 1>g. This time, (4.29) and the properties of A, lead
to

v 1 v v ~ ~ A
OV + - AV = RE = (R R P RS

33



N. Besse and C. Cheverry Journal of Differential Equations 477 (2026) 114556

It follows that

8 (e !f D) = e RA(),  De(0,) ="(0,0, (P, — I)FAL).
After integration, there remains

t
Dalt, &) = A1 D(0,8) + / A r=D/E R 8y gy
0

Since A, is diagonalizable with purely imaginary eigenvalues, we have

t
IDe(1,6)| < |Dg<o,s>|+/|lé§(n £)dr.
0

We integrate with respect to & to obtain (using the Cauchy-Schwarz inequality)

t
/|Dg<r,s>|2ds szfms(o,s)ﬁ ds+2ft /|R;‘<r,s)|2drds
R3 R3 R} O
<2C?N (1417,

In particular
| De ll oo o, 11:2®3)<2C (1 +T) eV, (4.45)

By summing (4.44) and (4.45), we recover (4.43). O

Recall that V, = (g, v, Aj) =F _lf)g is a solution to the system (4.21). Since the Fourier
transformation conserves (modulo a constant) the L2-norm, the expression

Vi=F VW =VoteVit o +e¥Vy. Vi=(gjv. A =F 1V,
furnishes an approximate solution of (4.21) in the sense that
Ve =V o 2@inS A +T) e

This provides an algorithm to construct (a kind of) approximate solutions to (4.21), as well as
arguments to justify them.
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4.3.3. Return to the potential formulation

The preceding computations can be interpreted at the level of (4.1). To this end, it suffices to
pass from A* to A* through A* =, (D)~ ' A*. Aslong as £; # 0, we can use a Taylor expansion
(up to any order N) of ¥ (e, -)~!, that is

N
Y, ) =x0@E) + Y " @+ 0V, xo=yyp (4.46)

n=2

From there, we can reconstitute

N J
A*:lﬂE(D)_lA*:Zs’ A%+ 0@V, A% :=ZX,C(D)A>;,,{.
j=0 k=0

However, it must be remembered that the x; explode (at an algebraic rate) near £; = 0. As long
as the AZ‘ are flat along D,, the products xx(D) Aj_k make sense. This works due to (4.42).
Otherwise, that is when hypotheses (4.42) are not assumed, this may fail. Indeed, in Subsection
4.3, we have investigated (4.1), with A* in the form A* = A + & AT + ---, which furnishes
A* = Aé +¢& A’l‘ + .-+ with A("; = Yo(D) Po(D) Aj. The multiplication on the Fourier side by
Yo(£1) implies that F Aé is sure to become flat along D,,.

But such a cancellation is not evident concerning the A* with Jj =1, when activating a WKB
calculus up to any order. Still, this explains why, at the order 0, it is still possible to extract at the
level of (4.1) a modulation equation for the main profile (without pre-empting similar results for
N=>1).

As previously discussed, the condition (4.42) ensures the existence of certain approximate
solutions to (4.1) with any desired precision N € N. However, this approach is limited in the
context of (1.1) due to the presence of nonlinearities. Indeed, the interaction of functions lo-
calized in frequency away from &, = 0 can produce non-zero terms along D,, thereby causing
singularities to emerge. Consequently, in the case of (1.1), the analysis is limited to the order
N=1.

5. Construction of exact solutions

The aim of this section is to prove Theorem 1. To achieve this, we must implement uniform
(with respect to ¢ €]0, 1]) energy estimates for a version of the full system (1.1)-(1.2)-(1.3).
This uniformity is crucial for obtaining a uniform lifespan 7 € R* and is also an essential step
in showing (1.10) and (1.11). The preceding Sections 3 and 4 provide a useful foundation for
this endeavor. The method outlined in Subsection 3.2 for the modulation equations offers a clear
guide on how to proceed, while Subsections 4.2 and 4.3 highlight potential pitfalls (related to sin-
gularities) that must be avoided. To establish control over U,, we employ the change of variables
(4.17) once again. The resulting system is presented in Subsection 5.1, and the corresponding
energy estimates are detailed in Subsection 5.2. Finally, the proof of Theorem 1 is completed in
Subsection 5.3.
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5.1. Transformation of the system

We follow the general guidelines outlined in Paragraph 3.2.3, with some necessary modifica-
tions. The first step, informed by the insights gained in Subsection 4.1, is to replace (1.1) with
a quasilinear version whose singular part is skew-adjoint. Taking into account the role of i, in
the analysis of the toy model (4.1), we substitute A* for A* as indicated in (4.15). Of course, the
relation (1.2) gives rise to

1 1k
~ Ve A" =0. (5.1)

It is more complicated to interpret the constitutive relation (1.3) in terms of A*. This is addressed
in the next paragraph.

5.1.1. Replacement of the difference A* — A by an operator acting on A* 3

The first difficulty is about the interpretation of A* — A as depending on A*. It is a matter of
replacing (3.17). The constitutive relation (1.3) is the same as A* = A + p~! V, x (V, x A) so
that

A*— A =(Id—Ad+p~ 1V, x Vox)71)A*
=Ad+p 'V, x Vox)" L p7 1V, x (V, x A%)
=(pld+ V, X Vex)"1 V, x (V, x A¥).

Recall that p = 1. Consider the differential operator
L=L(p,D):=pld+ V, x Vg x L=Z2p,D):=1d+ V, x Vyx
From [4], we know that the matrix valued operator . is self-adjoint and L>-coercive (as long
as the density p stays away from 0). It is therefore invertible. Its inverse which is denoted by
2~1 is bounded in L2. Since the vector field A* is divergence free and because Ve (D) =
—(1—= A" A,, we have
Ve X Vo X A¥=—A,A* = (1 — A,) ¥ (D) A%,
This means that
A* — A=KA*, K=K(p,D):=2""(1—A,) ye(D).
In view of Proposition 13 in [4], the action of .#~! is given by a pseudo-differential operator
which is of orde~r —2 on solenoidal fields. Thus, the restriction of K on divergence free vector
fields (such as A*) is associated with a pseudo-differential operator of order 0. It is therefore

continuous on L2,

Lemma 11 (Refined description of K when applied to solenoidal vector fields). Assume that
Ve - A* =0 and that g € H*(2) with s > 5/2 is such that

JceRY; O0<c=<q+eqkx), V(sx)e[0,1]x Q.
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Then, the action of K on such A* can be decomposed into

K=v:(D)+¢ K, K=Ke(g.D):=2"" x(e.q) Ye(D), (5.2)

where x is a smooth function with respect to (g,q) € [0, 1] x R, and where K is uniformly
bounded on L?. In other words

3CeRY; | CA* |,2<C || A* |2, Veel0,1]. (5.3)

Proof. Define K := K(p, D). Since V, - A* = 0, we have K A* = v, (D) A*. By construction
(with p =1):

A — A=RA + (K-K)A* = (D) A* + (L~ = Z (1 = A) Yo (D) A*.

Observe that
q
L= rexeq). 169 :=/(g‘1)’<c‘1+as> ds.
0

It follows that

N NPT  — e e P (5.4)

Recall that .Z = 1 — A, on divergence free vector fields. Then, it suffices to exploit (5.4) to
make appear (5.2). Since s > 5/2, the multiplication operator by x (¢, ¢) € H® is bounded in L?.
Hence, we have (5.3). O

The operator K is not self-adjoint. To remedy this, we put aside ¥, (D), and we write K in the
form

K=(1-A)""Mye(D), M=Mc(q,D):=(1—-A)ZL " 1—-A,).

Introduce M := M(g, D) = 1 — A, = M*. It is clear that M, and therefore M := (M — M) /e, is
self-adjoint. Compute

M=(1-A) L ' xEe,D)=M"=x(, D)L (1-A,).

Instead of looking at M, we consider M™*. The advantage is that y appears now on the left of
Z71 Asa consequence, we can assert that . —1(1 — A,) acts on solenoidal vector fields as a
uniformly bounded L>-operator. As soon as g € H* with s > 5/2, the same applies concerning
x(e, D) Z~1 (1 — A,). This implies that the actions of M : L> — L? and hence of K = (1 —
Ag) " M (D) : L?> — H? are uniformly bounded. The information (5.3) is not optimal but it
is sufficient for present purposes.
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5.1.2. A change of state variables
VYe mu~ltiply the last line of (1.1) by ¥ (D) P:(D) in order to obtain a self-contained system
on U" = U] := (g, ve, A}). Taking into account the relation (5.2), we find

1
3:Q+(U~Ve)q4-ga((_l+8£1) Ve-v=0,

1 _ 1 - .
v+ (v-Vo)u+ - a(@+eq) Veqg — - Ye(D)A* x e, — KA* x e,
K A*|?

—KA*X(Vgxwg(D)]A*)+Vg( )zvva(va'v)s

(5.5)
9 A* — Yo (D) P(D)((v — K A%) x (Vs x ¥ (D)1 A%))

- 1
— (D) Pe(D) (KA* X (Vg X v)) - Ye(D) P:(D) (v X €;)

1 ~ -
+ gwa(D)Ps(D)(we(D)A* x e;) + Y (D) Ps(D) (KA* x e;) =0.

The set of equations on U + built with (5.1)-(5.5) is self-contained. It can be written in the abbre-
viated form E(l?g ; 8)08’ = 0. With J as in (4.19), we can identify the penalized part:

0 V.- 0
A.(D):=| V. 0 Ve(D) J P.(D) =—Al(D). (5.6)
0 P(D)JYe(D) (Peihe)(D)J (e Pe)(D)

The block at the bottom right of A.(D) comes in fact from the Hall effect. It occurs in Section 3
through the influence of (A}, — A4 1)T inside (3.8). But it was not incorporated in the toy model
of Section 4. To see why, just compare fls(D) with the matrix fle (¢) which was introduced
inside (4.19). Now, observe that this block is skew-adjoint. For this reason, it raises no particular
problems. As explained in Subsection 4.1, the substitution of A by A is still the gateway to
uniform L’-estimates.

However, the foregoing symmetrization procedure induces a change (when compared to [4])
of the other terms, those of size O(1). The structure of these extra contributions is quite uncom-
mon. It shall be ensured that L>-estimates remain available, including when dealing with these
new differential effects. This issue is examined in the following subsection.

5.2. Energy estimates on the reduced system

We consider the closed system made of (5.1)-(5.5). We assume that the coefficients in factor
of derivatives, those which are issued from the non linearities, are in H*. This implies that all
components of U + are Lipschitz. From there, we want to control the L?-norm of U & (t,-) from the
one of Us’ (0, -). To this end, we multiply (5.5) on the left by ? Ugr in order to perform L?-energy
estimates. When doing this, we can rule out the symmetric quasilinear terms of the two first lines
and the impact of flg (D) which both can be dealt with classical arguments. On the other hand,
with (5.3), we can infer that
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/u.(ic/i* x e.) dx|+ /A*.((lps(p)/cfi* xe)dx| S(Ivllgz+ 1A% ll2) I A* 2
Q Q

By Young inequality, we get that
A %12 v
vV [KA®|“dx —5 v-Ve(Ve-v)dx
Q Q
12 v 2
:-f(V5~v) IK A" dx+§/(Vg-v) dx
Q Q

1 y C s .
5—/|KA*|4dx§— | KA* ||%oc/|KA*|2dx
2v v
Q Q

<

SHNe)

n 2 n 2
IKA* 12,0 1A% 12, .

Knowing that both p and A* are in a ball of H* with radius R, we claim that (with a constant
depending on R)

I KA* 7, S 1. (5.7)

To prove this bound, for || <s — I and s € N* with s > 5/2, we have to estimate 97 (KA*) in
L2. Consider first the case || = 1. From Lemma 11, we can assert that

I19; (KA®) I ,2<I [18,; KIA* [| 12 + | K9; A* | 12 <] [9;; KIA* |2 +C || A* [l gs1 -
Next, coming back to the definition of .Z and K, we find
[0;:K1=1[0;; 2 (1 = A) ¥e(D) =L [£:0,).27 (1 — Ap) e (D) = L7 '[p: 0;1K,
so that (with Lemma 11 again)
I8, KIA* || 2=] L7 90 KA* (| 250 80 llzoe | A* 2S00 Il -
Thus, this works for |o| = 1. Now, we proceed by iteration. We assume that 9¢ (KA*) is con-

trolled in L? for all |a| < s — 2. For higher order derivatives « with |a| = s — 1, following the
same lines as above, we find that

1102 KA [| 2=l £7" [p: 091KA™ |25 Y 11080 0% PKA* |12
0<B<a

On the one hand, since p € H*® and because |& — B| < |«| in the above sum, by induction hy-
potheses, we have

3Ppe HIPL, 9*PKA* e HIPI,
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Remark that (s — |8|) + |8| = s > 3/2. Thus, we can exploit the pointwise multiplication rules
in Sobolev spaces to control the right hand side as indicated in (5.7). For s € R \ N, an argument
of interpolation is needed.

We now resume in the context of ¥, the arguments a) and b) which have been presented in
Subsection 3.2.3.

a) Elimination of the presence of 1 (D) as acting on the left hand side in the penultimate line
of (5.5). Given three scalar functions a, b and ¢, with 9y = 9y, 3> = d, and 93 = 9, this means
to evaluate expressions looking like

/alﬁg(D)[bs‘fBjc]dx, Lj::{(l) g j.i{;’z}’

Q

Repeated integrations by parts give rise to

/a 1//8(D)[b gl Bjc] dx:—/s‘/ 8j[b wg(D)a] cdx:fabs‘f djcdx

Q Q Q

—l—/bc (1 - wg(D)) g dja dx+f8‘f djbc (1 — I/IE(D))CI dx .

Q Q

The operator norm of 1 — (D) : L> — L? is clearly less than one. On the other hand, since
&' &j| <& forall j € {1,2,3}, the symbol of (1 — (D)) & 3; can be bounded as indicated

below
(-

As a consequence, we have

1 &Y lgj] 1

= _— <

(§e) (§e) + 181 — (&)

<1. (5.8)

/a Ve (D1)[b e djc] dx—/abe‘f djcdx|SIblyreo lallp2 el .
Q Q

b) Similarly, the symbol of (1 — wS(D)_l) €'/ 9 can be estimated according to

'(1_<sg>)glj§j:gz,-|s,-| I SR
&1 61 &)+l 6+

This implies that V, ><~1//8(D)_1 can be replaced in the quasilinear terms by V, x modulo errors
which are less than || U [ly1. | U |17,

(5.9)

After such background work, there remains to perform L2-energy estimates at the level of the
following reduced system

~ - 3
v — KA* x (Ve x A*) == v Ve(V, - 0),
4 (5.10)

3t1§*—(U—K1§*) x (Vg x A*)_K’;* x (Ve xv) =0.
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Let us introduce the Helmholtz—Hodge decomposition of the velocity field v, that is v =v; 4 v;
with V, -v; =V, - v and V; x v; = V; x v. The situation concerning the above remaining quasi-
linear terms is exactly as in Lemma 19 of [4]. We do not provide details. We only mention the
difficulties and the way to circumvent them. Given a vector field C, we consider the differential
action T¢ - := V¢ x (C x -). The system (5.10) involves 7+ with C = K A* or C = v — K A*.
However, when performing energy estimates, an integration by parts reveals 7¢. The operator
Tc is (modulo terms of order 0) skew-adjoint when acting on solenoidal fields (see Remark 12
in [4]). Now, both fields A* and vy are divergence free. On the other hand, the L2-norm of (one
order) derivatives of v; are controlled by the L2-norm of Vv, which is compensated by the bulk
viscosity. The condition v € R is essential for this to work. Again, we refer to the text [4] for
further clarification.

Summary. In brief, we have proved that (for some function F)
Lo 2,5 v PO ) 157 12
dt 12~ H* L2

By Gronwall’s inequality, the L?-norm of U’ remains under control.
5.3. Proof of Theorem 1

The local existence of solutions to (1.1)-(1.2)-(1.3) on [0, T¢[ for some T; € R’ depending
on ¢ €]0, 1] has been established in [4]. To guarantee (1.9), the strategy is to pass through the
formulation (5.1)-(5.5).

As proved in Subsection 5.2, L2-estimates which are uniform with respect to € €]0, 1] are
available. This information is not sufficient. Given some index of regularity s large enough (say
s > 5/2), uniform H*-estimates are also needed.

It is a question of commuting (5.5) with spatial derivatives. The system (5.5) is penalized by
the linear operator A.(D) given in (5.6), which is skew-adjoint and with constant coefficients
(this is just a Fourier multiplier which does not depend on ¢ and x). As such, the action of A.(D)
does commute with derivatives.

Also notable is the constant identity matrix Id which stands in (5.5) in factor of 3, U r. Apply-
ing d; to (5.5), we just find

~ 1 - ~
00U + -+ = A:(D) (9;U7) =0,

while the condition fls(D) Usr = O(¢) implies that fls(D) (9; l?;) = O(ée). Thus, there is no
need to consider mixed time-space derivatives (which usually require a complicated work of
preparation concerning the data). As a consequence, the notion of prepared data can be reduced
to Definition 3.

On this basis, the discussion about (5.1)-(5.5) falls within the framework of classical nonlinear
optics [25,27], see especially Chapter 4 in the book [25]. Both issues related to existence and
stability can easily be answered in this context. Let s > 5/2. Select a prepared data which is
in H*. In other words, to solve the Cauchy problem (5.1)-(5.5) on [0, T] with T > 0, that is
locally in time uniformly with respect to ¢ €]0, 1], it suffices to apply the Theorem 4.4 of [25].
Moreover, the solution U I is uniformly stable with respect to H*-perturbations.
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The second part of Theorem | deals with the justification (at leading order) of the modulation
equation. The formal calculus of Section 3 has been developed on the basis of (1.1)-(1.2)-(1.3).
Now, consider the approximate solution U = Uy + ¢ U; presented in Section 3. From there,
we can define U/® := (g%, v, e (D)A?). Since (5.5) is deduced from the approximation
LU, 0)UL = O(e) just by applying the uniformly L2-bounded operator (P, y.)(D) to the
last equation of (1.1), we still have Z(U 8)[7 "4 = 0(¢e). The expression U "4 turns out to be
an approximate solution to the system (5.1)-(5.5), while the initial data U = (¢", vin, Aln*)
where A"* := (D) A"* (and its derivatives) is prepared with respect to L.

Observe that the approximate solution UE’ 4 to (5.1)-(5.5) has not been obtained by directly
looking at (5.5) and by expanding the coefficients of (5.5) in powers of €. As a matter of fact,
the expression ¥, (§) cannot be developed in powers of ¢ without introducing singularities in &
along the vertical line D,, which would compromise such a procedure. Instead, we have first
constructed an approximate solution to (1.1)-(1.2)-(1.3), and then we have deduced from it the
content of f]s’ ¢. The justification is achieved at the level of (5.5). But the construction of approx-
imate solutions goes through (1.1) and then is transferred to (5.5). Knowing that (5.1)-(5.5) is
stable, we can assert that

| OF — U2 || o 0.7 15 ()= O(€) - (5.11)

Since 06’ ="(qe, Ve, Aj) and US’“ = (qg, vy, ws(D)A?), this already offers immediate access
to (1.10). To recover A} from Aj, it suffices to apply ¥ (D)~ to A,. However, this may result
in a large factor ¢! (see Subsection 4.2.1). As a consequence, the difference A, — Ag is of size
O (1), without being necessarily better. Rather, following Remark 7, we compare B, with By.

B.— By=V. x A, —'('V1,0) x Ag

:Op(i $E|x) A* —Op (i "("£L,0) x Ao)

&) I&
=Op<' ég )(A*—lﬂs(D)(AS—FsAT))

& i, > (s) .

O ,0 A* O AT .

* p<<s€>2 € (FeO ) Aot Opl (g ) x Al

On the one hand, exploiting (5.11), we get that

| A* — Yo (D)(Af + eA}) Lo 0.7 15 (@) = O(8) -

On the other hand, we have

‘ Ee f(fél,())‘ 82532
()2 £c)2 (£1)?

£&
(EL,0) + | <26 &),
(§¢)
Since Aj isin H*® with s > 5/2, 9;A(j is in H*~!. This implies that

i%‘g I 1t *
(@) _— ,0 A
H P <<e§s>2 € ))X 0

=0(e).
L([0,T]; HS~1(Q))
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By this way, we recover (1.11), which is quite meaningful because it shows that the magnetic
field B, can indeed be compared to By with a good O(¢) degree of approximation.

Data availability
No data was used for the research described in the article.
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